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In this paper we show that no pair of Steiner systems S(5, 8, 24) can intersect in the octads of 
certain subspaces of the binary Golay code C, the 12-dimensional vector space over the field of 
two elements. In fact, we produce different numbers of Steiner systems that intersect in the 
octads of these subspaces. 
For every pair of Steiner systems S(5, 8,24) and &(5,8, 24) there exists a permutation y of 
$24r the symmetric group of degree 24, that maps the octads of S onto the octads of 5,. An 
interesting method of finding y is discussed. 
In this paper, which assumes familiarity with [l], we consider those subspaces 
of C, binary Golay code, which do not occur as intersections of two Steiner 
systems, and prove some interesting and useful results. 
It is necessary that the intersection of two Steiner systems be the complete set 
of octads in a subspace of C containing 52. The converse however, is not true and 
a subspace A of C containing Q (even subspace of C) may or may not be the 
intersection of two Steiner spaces. Indeed we may have 
(a) D(A)DA or (b) D(A)=A 
but for all Steiner spaces Ci and Ci containing 52, Cj n Cj =I A. 
Here, we shall consider those subspaces A of C which do not occur as 
intersection of two Steiner spaces and satisfy (a) or (b) above. We shall mostly 
concentrate on purely sextet subspaces of C* of dimension three. 
There are two ways in which two sextets intersect one another such that their 
sum is also a sextet. 
The intersection matrices in the two cases are: 
(i) (ii) -200011 
020011 
002011 
_ 1. 
000211 
111100 
111100 
The following result will be used repeatedly in what follows: 
Formula. Let U be an n-dimensional subspace of C containing Q, d be the 
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number of dyads in the annihilator of U, UO, and N be the number of octads in U 
then we have 
N = 2712 + d) - 9. 
We can now define an even line of sextets as a two dimensional subspace of C* 
generated by two sextets as in (i). Canonically, let e be the even line. 
There is a unique pairing defined on the points of the even line e: two points are 
said to be a pair if they belong to the same tetrad in each of the three sextets of 
the line. 
If we keep this pairing in mind, we arrive at the following involution n(e) of 
L\K, 
Lemma 1. Zf U” is an even line of sextets, e say, then D(U) = U = C f~ C”“‘. 
Proof. We must verify that if 0, 0”“’ are both octads then 0 belongs to U. But 
if p E Mz4, O”!“’ E Ce Op’n(e) E C. We simplify our task by choosing . .-- . 
P=, m .* I I 6 M24 . .-- 
when we observe that 
o----o. . . . 
U. . . . EH -. . . . -. . . . 
takes just 30 + 4 . 16 + ($)4 + 24. 4 + 1 = 183 octads into actads. Our Formula 
verifies that 
N = 21°-712 + 0) - 9 = 183. 
Two sextets which intersect as in (ii) generate a 2-dimensional subspace of C* 
called an odd line of sextets. 
Behavior of Steiner systems of Mz4 
Canonically, we take U” as 
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Using Formula, we note that the number of octads in U = 21°P6(0 + 12) - 9 = 183. 
Lemma 2. D(U) = C and hence two Steiner systems cannot intersect in the octads 
of u. 
Proof. We note that the octad in C through the points marked x in (A) does 
not belong to U. An octad 0 through these points cannot have points marked 0, 1 
and 2 because the octads 
but it must have one of a’s, one of b’s and one of c’s, since 
Obviously, 0 cannot have the point marked abc, since otherwise 0 will have six 
points. Now, 0 cannot have the points marked a, b, c in the left hand column of 
the right-hand brick in (A), since 
and 
x xx xx 
x ILH x ’ x 
x x x 
IEEl EU. x x x x x 
Therefore, 0 must be 
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Adjoining 0 to I/ we get 11-dimensional subspace U, (say) of C. By a similar 
argument one can show that the only way to define an octad 0, through 
X XXX X 
tFE1 
(note that the octad through the given points in C is not in U,) is 
X XXXX 
X 
HI 
X 
X 
which extends U, to C. Thus, D(U) = C. Cl 
Lemma 3. Let A and B be even subspaces of C then A G B implies that 
D(A) c D(B). 
Proof. Since B E Ci implies A G Ci, where Ci is a Steiner space. 
D(A)=AQc.CiGBbc Ci=D(B). 0 
- I 
Corollary. D(A f~ B) G D(A) fl D(B). 
Lemma 4. If the annihilator of A, A’, contains a dyad, 
Proof. Letd={a,b}thenAc(d)“=CflC(“b)CC. 
d, then D(A) c C. 
0 
Corollary. Zf D(A) = C then A0 contains only sextets (and O), and its 2- 
dimensional subspaces are all odd lines. 
Definitions. 
Trio. A set of three disjoint octads is called a trio. For example, the MOG trio 
is: 
Refinement. A sextet whose tetrads may be grouped in pairs to form the trio T 
is said to be a refinement of T. Every sextet is a refinement of 5.3 = 15 trios. 
There are 759 x 30/3! = 3795 trios. Since there are d(y) = 1771 sextets, the 
number of refinements of a trio is 1771 X 15/3795 = 7. The refinements of the 
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MOG trio are 
For a more detailed description see [2]. These 7 refinements form a 3-dimensional 
purely sextet subspace of C*, (which will be discussed in this paper at a later 
stage), the 2-dimensional subspaces of this space are the lines of the 7-point 
projective plane 
F 
L!zik!A C A 
E B G 
Even line adjoined by dyadr. Three sextets of an even line are all refinements 
of the same trio and we take as canonical even line the line of refinements of the 
MOG trio A, B, C. Clearly there can be no other trio for which these sextets are 
refinements and so the normalizing group of the even line is a subgroup of the 
trio group and has index 7 in the trio group, since it fixes just one line of the 
7-point projective plane. Thus the group is 26 . (Is, x $,), which is transitive on Q. 
The stabilizer of a point * in 52 is 23 . (C, X $,) with generators: 
(NO (C)(UE)(FQ 
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Therefore, the orbits of the point stabilizer are 
Thus there are three different types of dyads, namely 
Let 
21 
11 c 3 4 6 5 211264 545443 El 112253 363656 
Two-dimensional subspaces of U0 are the lines of the 7-point projective plane 
(Note that the only even line contained in LI” is A, B, C.) 
ab 
S A S3 A C 
B 
Lemma 5. D(U) = U. 
Proof. Let U,” = {A, B, C, @}, then D(Ui) = U, since U,” is an even line. Also if 
U,” = {ab, O} then D( 17,) = U,, since S n .SCab) equals the complete set of octads in 
U,. It can be easily seen that U = U, n U,. Using the corollary to Lemma 3, we 
see that 
D(u) = D(u, n u,) G D(u,) n D(u2) =u, n u,= u. 
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In fact, it turns out that there is an element 
in $24\M24 such that S rl S” is equal to 95 octads of U. 
Similarly, if we adjoin the dyad 
to the even line A, B, C then 2-dimensional subspaces of 
subspace of C* are the lines of the 7-point projective plane 
ab 
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this 3-dimensional 
C A B 
and the subspace U obtained in this case has 103 octads. We can again use the 
corollary to Lemma 3 to show that D(U) = U and it turns out that for 
S n S” = 103 octads of U. 
The 3-dimensional subspace of C* obtained by the adjoinment of 
a b 
EEH 
to the even line A, B, C corresponds to the 3-dimensional subspace of C* 
generated by three dyads ab, cd, ef such that ab, cd, ef form an S,, six points that 
belong to an octad. Cl 
Odd line adjoined by dyads. We consider the odd line of Lemma 2 and adjoin 
dyads to it to get 3-dimensional subspaces of C*. 
The normalizing group of an odd line is 24 . ($3 X $,) which is transitive on B 
and the point stabilizer 2. ($3 x C,) gives rise to five different types of dyads, 
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namely 
(1) (2) (3) (4) (5) 
(;;lil~,~y-j--l~~ 
The odd line adjoined by (1) corresponds to a 3-dimensional subspace of C* 
generated by three dyads ab, cd, ef such that ab, cd, ef form a U,, six points that 
do not belong to an octad. The subspace obtained by adjoining (2) to the odd line 
corresponds to a case which has already been discussed (see Even line adjoined by 
dyads). 
Let 
s 
f 1 s2 s3 
ab 
s4 c S5 
A 
% s2 s3 
The number of octads in U = 29-6(2 + 12) - 9 = 103. 
Let M” = {ab, cd, abed, O}, w h ere abed is the sextet defined by a, b, c, d. 
Lemma 6. D(U) = M, hence no two Steiner systems can intersect in 103 octads of 
u. 
Proof. Note that the octad through the points marked x in (A) is not in U. 
0-v 
We shall prove that the only way to define an octad B through the given points 
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such that it is consistent with U is the octad 
B cannot have the points marked a, b and c because the octads 
It must have 1 and 3, since 
B must have 2, since 
Hence B must be 
xx ItH E u. x x x x x x 
xxxxx 
x ffl x * x 
Similarly, 3-dimensional subspaces of C* can be obtained by adjoining (4) and 
(5) to the odd line and it turns out that the octads in these subspaces do not occur 
as the intersection of two Steiner systems. 
Purely sextet subspaces of C* were classified in [2] and it turns out that, while 
there are two classes of 3-dimensional subspaces containing no even lines, every 
4-dimensional purely sextet subspace of C* contains even lines. Thus if D(U) = C 
we must have dim U 2 9. 
Using the Formula, we note that all 9-dimensional subspaces of C defined by 
purely sextet subspaces of C* of dimension 3 have 87 octads. We, now, consider 
the purely sextet subspaces of C* of dimension 3 containing at least one even 
line. 
(i) REF,--The refinement space 
All seven sextets in this space are refinements of the same trio (canonically, A, 
B, C, D, E, F, and G of the MOG trio). Every 2-dimensional subspace of REF, 
is an even line and the group of this space is the full trio group 26. ($3 x P&,(7)), 
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The seven even lines contained in REF3 are the lines of the 7-point projective 
plane 
F 
Let 
Lemma 7. There exist eight different Steiner spaces Ci, 1 c i s 8 and C, = C such 
that 
D(U) = U = rfiI cj 
and C II Ci, 2 G i 6 8, is a lo-dimensional subspace of C containing U. 
Proof. We seek the possible sextets defined by the tetrad 
in the dual of any Steiner space containing U. Let S be the sextet defined by the 
given tetrad. The points marked 0, 1 and 2 in (A) are tetrads of S 
because the octads 
and 
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The points marked 3 and 4 must be in different tetrads of S because the octads 
mi m] and Bi~u 
must cut the sextet 2”. d; similarly two points in the same row of the left hand 
brick of (A) must be in different tetrads. Since 
Ix 
S must be one of the following sextets. 
13 41x XIX XI 
We note that on adjunction of an octad obtained from the sextet (l), (2), (3) or 
(4) to U we have all other octads of that sextet in the same coset. Hence 
adjoining octads determined from the sextets (l), (2), (3) and (4) to U we obtain 
the lo-dimensional subspaces B,, BZ, B3 and B4 of P(B) respectively. The 
permutation 
--- 
--- 
‘ABC : - - - 
EEI -MY 
corresponding to the even line A, B, C, 0, has the property that C fl CABc is the 
lo-dimensional subspace, defined by the even line, containing U. The similar 
permutations corresponding to the other six even lines of U” are given by: 
'BEG : 'CEF : 'CDG : 
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Together with identity, these involutions generate an elementary abelian group, 
say G, of order 8. Clearly, C n C”l c U Vq E G and therefore n,,, P 1 U. If 
we consider the dimension of the subspaces on both the sides, we have 
u = fln;-& P. 
For any n E G, 
That is, G fixes U. 
Also, we note that 
nABC: (l) c2) t3) c4)7 
nADE: (12) (34)~ 
nBDF: (14) (23) 
%EF: ti3) (24)- 
Thus, G acts transitively as a four group on Bi’s for 1 s i < 4. This implies that 
Bi’s, 1 c i ~4, can be extended in the same number of ways. But B1 is the 
lo-dimensional subspace of C defined by the even line A, B, C, and hence can be 
extended in exactly two ways. (See Lemma 1.) Therefore, Bi’s, 1 s i < 4, must be 
extended in exactly two ways. 
D 11 0 12 D 22 u 32 0 
41 
D 
42 
u 
Thus, we get at most eight different Steiner spaces. But we can see eight 
different Steiner spaces, namely P, q E G. Hence there are exactly eight 
different Steiner spaces containing U and l-l:=‘=, Ci = U. Also, C fl C” for any 
q # 1 E G is the lo-dimensional subspace of C, defined by the corresponding 
even line, containing U. 
Corollary. No two Steiner systems can intersect in the complete set of octaak of 
REF,O. 
(ii) INV3-The involution space 
To construct this space take an involution of the type 2’1’ and consider the set 
of all sextets defined by the union of two transpositions of it. There are just seven 
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of these and they form a subspace every 2-dimensional subspace of which is an 
even line. The group of this space is the centralizer of the involution, which is 
given by 21+3 . 23 . P,.%,(2). 
Let 
The seven even lines contained in INV3 can be shown as the lines of the 
seven-point projective plane 
3 
A 
2 4 
0 
5 16 
As for REF3 we have: 
Lemma 8. There exist eight different Steiner spaces Ci, 1 s i s 8, and C1 = C such 
that 
and C fl C;, 2 s i s 8, is a lo-dimensional subspace of C containing U. 
Proof. The possible sextets defined by the tetrad 
turn out to be 
0x1111 
(1) 
x02 222 El33 x03333 (2) x-04 44 4 
~~1111 
x02222 EEli3 0x333 3 ox444 4 
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We note that on adjunction of an octad obtained from the sextet (l), (2), (3) or 
(4) to U we have all other octads of that sextet in the same coset. Hence 
adjoining octads determined from the sextets (l), (2), (3) and (4) to U we obtain 
the lo-dimensional subspaces Br, B,, B3 and B, of P(Q) respectively. Now, the 
sextets 0, 1, 3 (and 0) form an even line, say e,, and the permutation 
I II 11 I 
‘11013: I 11 II I Em 
has the property that C rl C”13 = e” r, the lo-dimensional subspace of C defined by 
the even line e, and, thus, contains U. The similar permutations corresponding to 
the other six even lines of U are given by: 
Let G be the group generated by these involutions and let N be a subgroup of i& 
generated by the involution 
l ‘I . . II I IFEH ::I II I’ 
Now, GIN is a group of order 8. 
Since C n P 2 U for Iri E GIN, nn,EGIN P 2 U. Considering the dimension, 
we have 
n C”i = u. 
n,eCIN 
For any zr E GIN, we note that 
That is, G/N fixes U. 
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G/N acts as a four group on the subspaces &‘s, 1 s i < 4, and is transitive. 
Therefore, B,‘s are extendible in the same number of ways. But Br is obtained by 
adjoining an actad, determined by the sextet (l), in C to U and, therefore, is a 
lo-dimensional subspace of C defined by an even line in U”. Thus, B1 can be 
extended in exactly two ways. Hence, &‘s, 1 c i < 4 can be extended in exactly 
two ways. 
Therefore, we must have at most eight different Steiner spaces containing U. But 
we can see eight different Steiner spaces, namely C and C”, where E is an 
involution corresponding to an even line in @. Hence there are exactly eight 
different Steiner spaces. 0 
Corollary. No two Steiner systems can intersect in IN%, the subspace of C de$ned 
by INV3. 
(iii) Uc’ = FOC,-A space consisting of three concurrent even lines 
We take: 
Group of the space is 25 . $4 and it contains 3 even lines and 4 odd lines. 
Lemma 9. There exist four different Steiner spaces Ci, 1 s i G 4, and C1 = C such 
that 
D(U)=U=h Ci 
i=l 
and C II Ci, 2 c i G 4, is a IO-dimensional subspace of C containing U. 
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Proof. The possible sextet defined by the tetrad 
X X 
X X 
EH 
in the dual of any Steiner space containing U works out to be one of the 
following: 
We note that on adjunction of an octad obtained from the sextet (1) or (2) to U 
we have all other octads of that sextet in the same coset. Hence adjoining octads 
determined from the sextets (1) and (2) to U we obtain the lo-dimensional 
subspaces B1 and B2 of P(Q) respectively. Consider, now, the involutions 
ra : Ilb : 
which correspond to the even lines of U. We find 
na.nb.nc = T = abc 
and denote the group (nabc) by N, N c Mz4. G/N is a four group. Clearly, 
U = nnisc,N Cni and for any n E G JN, 
therefore G/N fixes U. 
Now, GIN acts transitively as a group of order 2 on Bl, B2. Hence B1 and B2 
are extendible in the same number of ways. But B1 is a lo-dimensional subspace 
of C, defined by an even line, and therefore can be extended in exactly two ways. 
Thus, we must have at most four different Steiner spaces containing U. 
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But we can see four different Steiner spaces, namely C, Pa, CXb and PC. Hence 
there are exactly four different Steiner spaces intersecting in U. Obviously, 
C fl C”, 1 # 3d E G/N, is lo-dimensional and contains 17. Cl. 
Corollary. No two Steiner spaces can intersect in FOG, the subspace of C defined 
by FOC3. 
(iv) TAX-A space consisting of just one even line, the axis 
The name TAX3 stands for transitive axial. This is because the group of TAX3 
is transitive on the 24 points of 52. 
The group of this space is (2 .2*) .2* . $3 and the only even line contained in U’, 
say e, is A, B, C, 0. 
Lemma 10. D(U) = e”. 
Proof. We note that the octad through 
in S does not belong to U. 
Let 0 be an octad through B. Then, 0 cannot have any point marked a, b, or c 
in 
because the octads 
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0 must have the point marked 1 in (A), because 
0 cannot have any point marked e, since 
x xx x 
E u. 
x xx x 
0 must have exactly one of the points marked d and f respectively, since 
Exactly one of the points marked g must be in 0, since 
x x 
x x El33 x x E u. x x 
If the point marked d in the second row and third column of (A) is in 0, then 0 
must be 
Otherwise, 0 becomes 
But 
xxx x 
(1) 
xxx x rlfi. 
x xx x 
(2) x x x x El 
x 
x x EH x cu x x x x 
addition of which to the octad (2) produces the octad 
X 
X 
PLI 
X x X 
x XX 
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which is not consistent with U because 
x 
x El x x x E u. xx x 
Hence there is exactly one possibility for 0, namely, (1). But the octad (1) is in 
e”. Therefore, any Steiner space containing U must contain e”. Hence 
D(U)=eO. 0 
(v) INT3--A further space containing just one even line-the axis 
The name INT3 stands for intransitive axial. This is 
which is contained in ik& * 2 and is of order 24. 3, 
points of 52. 
Canonically, we take: 
A B 
/ 
because the group of INT,, 
is not transitive on the 24 
Again the only even line contained in U”, e, is A, B, C, $3. 
Lemma 11. D(U) = e” and hence two Steiner systems cannot intersect in the octads 
of u. 
The proof of the above lemma is very similar to the proof of Lemma 10 and is 
therefore omitted. 
We now consider 3-dimensional purely sextet subspaces of C* which contain no 
even line. 
(a) PET3 
If we adjoin the sextet 
Let S, and S, be two Steiner systems. Since S1 and S, are isomorphic, there 
must exist a permutation JC in $24 such that S; = S,. The method of finding such a 
permutation is illustrated in the next lemma. 
(b) Let 
134635 
u o E 0ct3 = 
125125 
‘EH 
266 543' 
361442 
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to the canonical odd line, we obtain a copy of PET3 so named because of its 
connection with Petersen graph (see [2]). The full subgroup of I& preserving a 
PET, has order 24 and is regular on Q. Let CJ” E PET3. 
Lemma 12. U is contained in a unique Steiner space, i.e., D(U) = C. 
Proof. Let 0’ be a subspace of C defined by the canonical odd line 0. We know 
that D(O”) = C. 
Similarly, we can show that D(U) 2 0” which means that any Steiner space 
containing U contains 0’. Since D(O”) = C, we have D(U) = C. 0 
Corollary. No two Steiner systems can intersect in the octads of PEG. 
Method of finding a permutation 
~Ili.i;R~r~~~~) 
Ott,, a 3-dimensional subspace of C* contains no even line. 
Lemma W. There exists an element n E $24\M24 such that C n C” = U. 
Proof. There are two possibilities for an octad through 
X X 
X 
BH 
X 
X 
such that it is consistent with U, namely 
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We note that the octad (1) is in C. Adjoining (2) to U gives us a lo-dimensional 
subspace, say U’, of C’. We now find an octad through 
x x 
x Em x x 
and consistent with U’. It turns out that the only possibility is 
We adjoin this octad to U’ and get the 11-dimensional subspace, say Vi, of C’. 
Similarly, we obtain the octad 
and adjoining it to U; produces the Steiner space C’. By construction, 
C rl C’ = U. This implies that S fl S’ = the complete set of octads in U, where S’ 
is the Steiner system whose octads generate the Steiner space C’, preserved by an 
I&,. But we know that S’ = S” for some JG E $24\M24. To find z, we proceed as 
follows: 
Now the MOG works for S and by relabelling the points of 52, we can get it to 
work for S’. We can start with any five points of 52 because of the quintuply 
transitivity of Mz4. Let us consider the octad containing m, 0, 3, 14 and 15. The 
octad containing these points in S belongs to U. We can assume the following 
arrangement of the points of D in the MOG 
m 14 17 
0 8 El 3 , 15 
since we can assume 17 because A8 fixes a point in the right-hand square and 24 is 
transitive on these points. Similarly the sixth point of the octad can be taken to be 
8 because of a 3-element 
in A,. The remaining two points 19, 20 of the octad are in the left-hand brick but 
we do not know the order in which they occur. The arrangement of points in the 
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MOG for S is 
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Let the corresponding arrangement in the MOG for S’ be 
Now the octads through 
in S and S’ are given by 
respectively. Therefore, looking at (A) and the two octads, we note that the x’s in 
(B) are given by 
x = (13, 9, 6) 
in some order. Similarly, the octads through 
x x 
x l!El x x 
in S and S’ are given by 
respectively. Thus y’s in (B) are (4,13,10) in some order. Now x’s and y’s meet 
at exactly one point 13 and, therefore, the point marked xy is 13. Now the octads 
through 
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in S and S’ are respectively 
Therefore, z’s in (B) are 10, 19, 22 in some order. But the point marked zy in (B) 
must be 10. Continuing this process we get 
as the positioning of the points in the MOG for S’. We can get n as the 
permutation from the MOG of S to the MOG of S’. Therefore, S” = S’ and n is 
given by 
(a) (0) (3) (8) (14) (15) (17) 
(4 22) (18 20) (6 7) (13 19) 
(5 12 9) 
(16 121 11 10 2) 
In fact, for this particular case of Octi, we can find a permutation n E $24\M24 in 
a more natural way as follows: 
The Octern group PSb(7) centralizes the 3-element 
m o 1 2 3 4 5 6 
and the full normalizer of PSL,(7) in $24 is PGL,(7) x C3. 
An involution which extends P&(7) to PGL(7) can be taken as the element 
n: x+ -x, which is the required permutation n such that S” = S’. 0 
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